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The diffusion in the magnetic dipolar field around a sphere is considered. The diffusion is restricted to the
space between two concentric spheres, where the inner sphere is the source of the magnetic dipolar field.
Analytical expressions for the CPMG transverse relaxation rate as well as the free induction decay and the
spin echo time evolution are given in the Gaussian approximation. The influence of the inter-echo time is
analyzed. The limiting cases of small and large inter-echo times as well as the short and long time behav-
ior are evaluated.
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1. Introduction

In NMR experiments the signal is strongly influenced by the
dephasing of spins in local inhomogeneous magnetic fields. To
measure the transverse relaxation time without the effects of the
local inhomogeneous fields the dephasing can be refocused using
spin echoes. If diffusion in the local inhomogeneous magnetic field
is not negligible, the signal can only be refocused partially. There-
fore it is necessary to study the influence of the diffusion effects on
the spin echo relaxation time.

To describe MR signal behavior in the presence of contrast
agents [1], magnetically labeled cells [2] or alveolus of the lung
[3–6] in an external magnetic field the model of a single sphere
surrounded by a spherical dephasing volume is widely used. The
implications of this model which is adapted from Krogh’s capillary
model [7] are described in detail in [8]. To understand the nature of
the relaxation processes involved in contrast generation by nano-
particles, we analyze the CPMG relaxation rate, free induction de-
cay and the time evolution of a spin echo in dependence on the
relevant parameters.

Since the dipolar field is the first term of the multipolar expan-
sion of the local inhomogeneous magnetic field, it is reasonable to
consider the diffusion in a dipolar field. Such a dipolar field can be
created by a homogeneous magnetized sphere with radius RS. The
diffusion of the spins occurs in the surrounding medium between
the surface of the sphere and an outer boundary which is also as-
sumed to be spherical. The dephasing volume is the space between
ll rights reserved.
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the two concentric spheres with the radii RS and R. The volume
fraction is g ¼ R3

S=R3.
According to the Larmor relation the resonance frequency of the

surrounding spins is given by

xðrÞ ¼ dxR3
S

3 cos2 h� 1
r3 ¼ dx 4

ffiffiffiffi
p
5

r
Y20ðh;/Þ

RS

r

� �3

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼f ðrÞ

; ð1Þ

where dx ¼ xðr ¼ RS; h ¼ p=2Þ is the resonance frequency on the
equator of the sphere and characterizes the strength of the field
inhomogeneity. The function f ðrÞ describes the geometry of the
inhomogeneous field. It is worth noting that the resonance fre-
quency in dipolar approximation depends on the spherical har-
monic Y20 only.
2. Methods

The local inhomogeneous magnetic field induced by the magne-
tized sphere changes the dephasing of the surrounding water pro-
tons. This dephasing is normally refocused by a spin echo.
However, diffusion hampers a complete refocusing of the spins
resulting in a change in the apparent transverse relaxation time
T2 ¼ 1=R2 [9,10]. The measured R2 relaxation rate consists of two
parts: the intrinsic transverse relaxation rate R2;0 and the second part
DR2 related to the diffusion of the nuclear spins in the dipolar field:

R2 ¼ R2;0 þ DR2: ð2Þ

To describe the influence of second part DR2, we use the weak field
approximation proposed by Jensen and Chandra [11]. This approx-
imation has the same structure as the approximation given by
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Fig. 1. Dependence of the CPMG relaxation rate on the inter-echo time obtained
from Eq. (10).

Fig. 2. Experimental results for deoxygenated blood (crosses) taken from the closed
circles in Fig. 4a of [18]. The solid line is obtained from Eq. (10) with the parameters
s ¼ 15:78 ms and dx ¼ 154 s�1.
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Anderson–Weiss mean field theory [12–14]. In this approximation
DR2 can be expressed in terms of the correlation function KðtÞwhich
characterizes the diffusion process in the local inhomogeneous
field, and the inter-echo time s180:

DR2 ¼
8
p2

X1
m¼0

1

ð2mþ 1Þ2
Z 1

0
dtKðtÞ cos ð2mþ 1Þp t

s180

� �
: ð3Þ

In a recent work [15], it was demonstrated that the correlation
function KðtÞ can be expressed as a spectral expansion of the form

KðtÞ ¼ dx2
X

n

F2
ne�k2

nt=s: ð4Þ

To characterize the diffusion process the correlation time [16]

s ¼ R2
S

D
; ð5Þ

is introduced where D is the diffusion coefficient of the dephasing
volume between the two concentric spheres. The eigenvalues kn

obey the equation

j02ðknÞy02
knffiffiffig3
p
� �

¼ j02
knffiffiffig3
p
� �

y02ðknÞ; ð6Þ

where j2 and y2 are the spherical Bessel functions of second order.
This equation must be solved numerically to find the appropriate
eigenvalues in the spectral expansion. The expansion coefficients
are derived in Appendix A and can be expressed by

F2
n ¼

48g=ð1�gÞ
5j02ðknÞy02ðknÞ

y02ðknÞ gT knffiffi
g3p

� 	
� TðknÞ

h i
� j02ðknÞ gU knffiffi

g3p
� 	

�UðknÞ
h i� 	2

y0
2
ðknÞ

j02ðknÞ
V knffiffi

g3p
� 	

�VðknÞ
h i

þ j02ðknÞ
y02ðknÞ W knffiffi

g3p
� 	

�WðknÞ
h i

�2 X knffiffi
g3p

� 	
�XðknÞ

h i ;
ð7Þ

where we introduced for abbreviation the functions TðxÞ, UðxÞ, VðxÞ,
WðxÞ, and XðxÞ which are given in Appendix A. For numerical eval-
uation of the correlation function, the Parseval-relationP1

n¼1F2
n ¼ 4

5 g can be used to estimate the number of required coef-
ficients Fn. In the limit g! 1 the dephasing volume tends to an infi-
nitely thin shell. In this situation only the lowest eigenvalue k2

1 ¼ 6
of the spectral expansion exists. This can be obtained from Eq. (6)
by a Taylor expansion of the spherical Bessel functions. Therefore,
in the limit g! 1 the correlation function exhibits a purely
mono-exponential decay determined by the first addend in Eq. (4)
in the form KðtÞ ¼ 4

5 dx2 expð�6t=sÞ.
In the Gaussian approximation the free induction decay MFIDðtÞ

and the spin echo magnetization time signal evolution MSEðtÞ can
be expressed in terms of the correlation function [17]

MFIDðtÞ
MFIDð0Þ

¼ exp �
Z t

0
dnðt � nÞKðnÞ

� �
; ð8Þ

MSEðtÞ
MSEð0Þ

¼ exp �
Z t

0
dnðt � nÞ Kðn=2Þ � KðnÞ½ �

� �
: ð9Þ

These equations will be used to determine the signal evolution of
the magnetization in a dipolar field.

3. Results

The spectral expansion of the correlation function in Eq. (4) can
be used to determine the relaxation rate in Eq. (3). The integration
is straightforward and yields the simple expression

DR2

sdx2 ¼
8
p2

X1
m¼0

1

ð2mþ 1Þ2
X1
n¼1

ðFnknÞ2

k4
n þ ðpð2mþ 1Þs=s180Þ2

: ð10Þ

With this expression in hand it is possible to analyze the influence
of the inter-echo time s180 on the relaxation rate DR2. In Fig. 1 the
dependence of the relaxation rate on the inter-echo time is
visualized.

To verify the analysis above we compare the theoretical results
with measurements of the inter-echo time dependence of the
CPMG relaxation rate of human blood which were performed in
[18]. The erythrocytes of the blood generate the resonance fre-
quency dx ¼ 4p

3 cvB0. The hematocrit of the blood corresponds to
the volume fraction g ¼ 0:46. We can fit Eq. (10) to the experimen-
tal results presented in Fig. 4a of [18] for deoxygenated blood (see
Fig. 2) obtaining the parameters s ¼ 15:78 ms, dx ¼ 154 s�1 and
the intrinsic relaxation rate R2;0 ¼ 8:62 s�1 (see Eq. (2)). Assuming
the diffusion coefficient D ¼ 2 lm2=ms the size of an erythrocyte
follows from Eq. (5) to RS � 5:6 lm. Since the experiments of
Brooks et al. were performed at B0 ¼ 1 T we obtain the susceptibil-
ity v � 0:14 ppm. Although erythrocytes are not spherical at all we
obtain a realistic value for the size of an erythrocyte. Our calculated
value for the susceptibility of deoxygenated hemoglobin is similar
to the value v ¼ 0:18 ppm given in [19].

As discussed in Section 2, in the limit g! 1 the correlation func-
tion exhibits a mono-exponential decay KðtÞ ¼ 4

5 dx2 expð�6t=sÞ
only. Since in this limit only the first expansion coefficient F2

1 ¼
4=5 and the first eigenvalue k2

1 ¼ 6 remains, we obtain from Eq. (10)

lim
g!1

DR2

sdx2 ¼
48F2

1

p2|ffl{zffl}
¼192

5p2

X1

m¼0

1

ð2mþ 1Þ2ð36þ pð2mþ 1Þs=s180½ �2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼p2

864 3� s
s180

tanh 3
s180

sð Þ
h i

ð11Þ

¼ 2
15

1� 1
3

s
s180

tanh 3
s180

s

� 	� �
; ð12Þ
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which has the form of the Luz–Meiboom exchange model [20]. For
large inter-echo times the right hand side of Eq. (12) tends to
2=15 � 0:133 (see Fig. 1 for g ¼ 1 and large inter-echo times).

In the limit of large inter-echo times Eq. (10) tends to

lim
s180!1

DR2

sdx2 ¼
8
p2

X1

m¼0

1

ð2mþ 1Þ2|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼ p2

8

X1
n¼1

F2
n

k2
n

� 16
45

g; ð13Þ

which corresponds to a mean relaxation time approximation. The
expression

P
F2

n=k
2
n is analyzed in Appendix B. As expected, in this

limit the relaxation rate is independent on the inter-echo time for
all volume fractions. In the limit s180 !1 the CPMG sequence con-
sists of the 90� pulse only. Therefore, the coherent part of the spin
dephasing is not refocused and the obtained signal is the free induc-
tion decay. From Eq. (13) we obtain in this case the relaxation rate
DR2 ¼ 16

45 gsdx2 which coincides with the results of Brooks, Moiny
and Gillis [21]. It is worth noting that this relaxation rate is valid
for the motional narrowing regime only. This is not surprising since
the used Gaussian approximation is valid in the motional narrowing
regime only. For g ¼ 1 the exact solution of

P
F2

n=k
2
n which is given

in Eq. (B.4) tends to 2=15. Thus, the limit for large inter-echo times
is also in agreement with the long inter-echo time limit of the right
hand side of Eq. (12).

In the opposite limit of small inter-echo times Eq. (10) tends to

lim
s180!0

DR2

sdx2 ¼
8
p4

s180

s

� 	2X1

m¼0

1

ð2mþ 1Þ4|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼ p4

96

X1
n¼1

F2
nk

2
n; ð14Þ

¼ 3
5

s180

s

� 	2
g
g5=3 � 1
g� 1

; ð15Þ

� 3
5
g

s180

s

� 	2
; ð16Þ

which exhibits a quadratic dependence on the inter-echo time:
DR2 / s2

180. The expression
P

F2
nk

2
n is analyzed in Appendix B. In

Fig. 3 the limiting cases are visualized.
With the expansion (4) of the correlation function at hand it is

straightforward to evaluate the integrals in Eqs. (8) and (9) and we
finally obtain the time course of the magnetization for the free
induction decay and the spin echo in Gaussian approximation:
Fig. 3. Limiting cases compared with the spectral expansion. For a volume fraction
g ¼ 0:01 the results of the spectral expansion obtained from Eq. (10) are shown in
the solid line. In the limit of long inter-echo times the relaxation rate is independent
on the inter-echo time (dashed line obtained from Eq. (13)). For short inter-echo
times the relaxation rate exhibits a quadratic dependence on the inter-echo time
(dotted line obtained from Eq. (15)).
MFIDðtÞ
MFIDð0Þ

¼ exp �ðsdxÞ2
X

n

F2
n

k2
n

t
sþ e�k2

n
t
s � 1

k4
n

" #
; ð17Þ

MSEðtÞ
MSEð0Þ

¼ exp �ðsdxÞ2
X

n

F2
n

k2
n

t
s� e�k2

n
t
s þ 4e�k2

n
t

2s � 3

k4
n

" #
: ð18Þ

For different volume fractions g the time dependence of MFIDðtÞ is
shown in Fig. 4 and for MSEðtÞ in Fig. 5.

The short time limit of Eqs. (17) and (18) can be given in terms
of a Taylor expansion. We find

lim
t!0

MFIDðtÞ
MFIDð0Þ

¼ exp �2
5
gðdx tÞ2

� �
; ð19Þ

lim
t!0

MSEðtÞ
MSEð0Þ

¼ exp �3
5

g
g5=3 � 1
g� 1

dx2 t3

s

� �
: ð20Þ

A similar asymptotic form of the short time limit has been obtained
in [22].

In the case of a linear gradient G Carr and Purcell [9] obtained
for the signal attenuation of the CPMG sequence the expression

MðtÞ
Mð0Þ ¼ exp � t

12
c2G2Ds2

180

� �
¼ exp½�DR2t�: ð21Þ

In a dipolar field the gradient is not constant. However, if we replace
the constant gradient G by its averaged value in the form

c2G2 ! 1
V

Z
V

d3r rxðrÞ½ �2 ¼ 36
5

dx2

R2
S

g
g5=3 � 1
g� 1

; ð22Þ

it is possible to generalize the results of the linear gradient analysis.
This replacement of the constant gradient by its averaged value is
Fig. 4. Magnetization decay obtained from Eq. (17) for sdx ¼ 1.

Fig. 5. Magnetization decay obtained from Eq. (18) for sdx ¼ 1.
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justified for short inter-echo times, since in such a short time period
between two echoes the gradient of the local resonance frequency
remains nearly constant. Therefore, introducing Eq. (22) into
Eq. (21) we obtain the previous result for short inter-echo times
given in Eq. (15). In the case of a classical Hahn spin echo experiment
(t ¼ s180) we obtain the previous result in Eq. (20). As expected the
time dependence is analogous to the case of free diffusion.

In the long time limit the free induction decay as well as the
spin echo converge to the same asymptotic form

lim
t!1

MFIDðtÞ
MFIDð0Þ

¼ lim
t!1

MSEðtÞ
MSEð0Þ

¼ exp �tsdx2
X

n

F2
n

k2
n

" #

� exp �t
16
45

sdx2g
� �

; ð23Þ

where the exact value of
P

nF2
n=k

2
n is given in Appendix B. As ex-

pected in the long time limit both values coincide. This results from
the fact that for very long echo times the incoherent part of the spin
dephasing that cannot be refocused by a spin echo dominates the
time dependence. Furthermore, this is in agreement with result
for the CPMG relaxation rate in the large inter-echo time limit in
Eq. (13). The same results were obtained in [22].
4. Discussion

Based on a simple model of a spherical particle which gener-
ates a dipolar field we analyzed the CPMG relaxation rate as well
as the time evolution of a free induction decay as well as the
behavior of a spin echo in Gaussian approximation. For the
CPMG relaxation rate we found an analytical expression in terms
of a spectral expansion. This enables us to describe the depen-
dence of the relaxation rate DR2 on the inter-echo time s180 tai-
lored to an arbitrary exactness.

As can be seen from Fig. 1 the relaxation rate is proportional to
the volume fraction for large inter-echo times and small volume
fractions only. However, using the spectral expansion it is possible
to give an analytical expression for the full parameter range, i.e.
large volume fractions and arbitrary inter-echo times. For small
volume fractions it can be seen from Eqs. (13) and (16) that the lin-
ear relation DR2 / g is valid in the limit of short and long inter-
echo times, which is in align with the results of [11,23].

Different limiting cases have been investigated and are in agree-
ment with previously published results. Although the Luz–Mei-
boom exchange model was not intended to describe the MR
signal in the situation examined in this analysis, we could show
that in the case when the diffusion is restricted to the surface of
a sphere this model yield the correct results.

Also for the free induction decay and the spin echo time evolu-
tion we were able to give analytical expressions exploiting the
spectral expansion of the correlation function. As expected the
time evolution of the CPMG sequence and the free induction decay
coincide in the case that s180 !1. In the short time limit both the
free induction decay and the spin echo sequence exhibits the prop-
erties of free diffusion in a linear gradient. We could show that for
short inter-echo times the previously obtained results for diffusion
in a linear gradient can be generalized to a dipolar field by replac-
ing the linear gradient by its expectation value in the sense of
Eq. (22).

The present analysis is based on a magnetized sphere. If other
geometries are considered, the geometry dependent function f ðrÞ
in Eq. (1) changes only. Thus, the eigenvalues kn, the eigenfunctions
wnðrÞ and the expansion coefficients Fn depend on the geometry
and have to be evaluated using the geometry dependent function
f ðrÞ. However, the general form of the correlation function in Eq.
(4) and the CPMG relaxation rate in Eq. (10) remains unaffected.
For example, in the case of cylinders with radius RC the function
f ðrÞ ¼ R2

C cosð2/Þ=r2 has to be used [15]. In this case the depen-
dence of the CPMG relaxation rate on the inter-echo time looks
qualitatively similar to the spherical case shown in Fig. 1.
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Appendix A. Spectral expansion of the correlation function

In this appendix, we give a brief summary about the calculation
of the correlation function KðtÞ in terms of a spectral expansion as
demonstrated in [15]. The correlation function depends on the
probability pðr; r0; tÞ for the transition of a spin between two local
Larmor frequency xðrÞ and the local Larmor frequency xðr0Þ with-
in a specific time t. Assuming a constant spin density between the
two concentric spheres, the correlation function is given by [24]

KðtÞ ¼ dx2

V

Z
V

d3r
Z

V
d3r0 f ðrÞpðr; r0; tÞ f ðr0Þ; ðA:1Þ

where f ðrÞ describes the geometry of the dipolar field, while dx
characterizes its strength. Within this model this correlation func-
tion is the crucial quantity which has to be determined. The transi-
tion probability obeys the diffusion equation @tpðr; r0; tÞ ¼
DDpðr; r0; tÞ, where D is the diffusion coefficient of the medium
between the two concentric spheres. The diffusion equation can
be solved via a spectral expansion [15]

pðr; r0; tÞ ¼
X

n

e�k2
nt=swnðrÞwnðr0Þ; ðA:2Þ

where the eigenfunctions wnðrÞ and eigenvalues �k2
n obey the equa-

tion DwnðrÞ ¼ �
k2

n

R2
S
wnðrÞ. This spectral expansion (A.2) of the transi-

tion probability pðr; r0; tÞ can be introduced into expression (A.1).
The sum over the eigenvalues in the spectral expansion can be ex-
tracted and we obtain for the correlation function the sum

KðtÞ ¼ dx2
X

n

F2
ne�k2

nt=s; ðA:3Þ

with the expansion coefficients

Fn ¼
1ffiffiffiffi
V
p

Z
V

d3r f ðrÞwnðrÞ: ðA:4Þ

Due to the symmetry of the dipolar field only the index n ¼ 2 re-
mains and therefore the eigenfunctions simplify to the form

wnðr; h;/Þ ¼
1

Nn
y02ðknÞj2 kn

r
RS

� �
� j02ðknÞy2 kn

r
RS

� �� �
Y20ðh;/Þ:

ðA:5Þ

On the surface of the inner and outer sphere reflecting boundary
conditions are assumed. This is justified by the symmetry of the lo-
cal resonance frequency xðrÞ ¼ xð�rÞ and has been discussed in
[15] in detail. Exploiting the reflective boundary conditions we ob-
tain the eigenvalues kn with the help of Eq. (6). The normalization
constant Nn results from the orthonormality of the eigenfunctions:

N2
n ¼ R3

S

Z g�1=3

1
dz z2 y02ðknÞj2ðknzÞ � j02ðknÞy2ðknzÞ


 �2
: ðA:6Þ

To determine the coefficients Fn we introduce the eigenfunctions gi-
ven in Eq. (A.5) in the definition of the expansion coefficients given
in Eq. (A.4) and obtain
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Fn ¼
2

Nn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
5

R3
S g

1� g

s Z g�1=3

1

dz
z

y02ðknÞj2ðknzÞ � j02ðknÞy2ðknzÞ

 �

: ðA:7Þ

The integration in Eqs. (A.6) and (A.7) is straightforward and yields
Eq. (7). The abbreviations TðxÞ, UðxÞ, VðxÞ, WðxÞ, and XðxÞ are given
by

TðxÞ ¼ x cos x� sin x;

UðxÞ ¼ cos xþ x sin x;

VðxÞ ¼ 1
x3 2x4 � 6ð1þ x2Þ þ 6ð1� x2Þ cos 2xþ xð12� x2Þ sin 2x

 �

;

WðxÞ ¼ 1
x3 2x4 � 6ð1þ x2Þ þ 6ðx2 � 1Þ cos 2xþ xðx2 � 12Þ sin 2x

 �

;

XðxÞ ¼ 1
x3 xðx2 � 12Þ cos 2xþ 6ð1� x2Þ sin 2x

 �

:

ðA:8Þ
Appendix B. Evaluation of +F2
n=k

2
n and +F2

nk2
n

To evaluate
P

F2
n=k

2
n in Eqs. (13) and (23) we consider the spec-

tral expansion in Eq. (4) and find

X1
n¼1

F2
n

k2
n

¼ 1
sdx2

Z 1

0
KðtÞdt: ðB:1Þ

To solve the integral it is advantageous to express the solution of
the diffusion equation @tpðr; r0; tÞ ¼ DDpðr; r0; tÞ in the form
pðr; r0; tÞ ¼ et DD dðr� r0Þ. Insertion of this probability density into
the definition of the correlation function (A.1) results in

KðtÞ ¼ dx2

V

Z
V

d3r f ðrÞet DD f ðrÞ: ðB:2Þ

Substitution of Eq. (B.2) in Eq. (B.1) yields

X1
n¼1

F2
n

k2
n

¼ 1
VR2

S

Z
V

d3r f ðrÞ � 1
D

� �
f ðrÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

¼hðrÞ

; ðB:3Þ

¼ 2
5

g
1� g

1� g1=3 þ
4ð1� gÞ2 þ 9 2g� g5=3 � g1=3

� 
36 g5=3 � 1ð Þ

" #
; ðB:4Þ

where hðrÞ in Eq. (B.3) obeys the relation DhðrÞ ¼ �f ðrÞ. The solution
of this differential equation can be found in [16].

To evaluate
P

F2
nk

2
n in Eq. (14) we also consider the spectral

expansion in Eq. (4) and find in analogy to the case above:X1
n¼1

F2
nk

2
n ¼ �

s
dx2

d
dt

KðtÞ
����
t¼0
; ðB:5Þ

¼ R2
S

V

Z
V

d3r rf ðrÞ½ �2; ðB:6Þ

¼ 36
5

g
g5=3 � 1
g� 1

; ðB:7Þ

where the right hand side of Eq. (B.6) has been evaluated in [15].
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